


























ABSTRACT

Gravitational waves (GWs) provide invaluable insights into some of the most cata-

clysmic events in the universe, such as black hole mergers and neutron star collisions.

Accurately characterizing GW signals is crucial for understanding the astrophysical

phenomena that produce them. In this study, we propose a novel approach utilizing

semi-model-dependent reconstruction methods for analyzing GW signals. We leverage

posterior samples obtained from parameter estimation techniques to reconstruct GW

waveforms and determine peak frequency. Our methodology offers a promising avenue

for improving the fidelity of GW signal analysis, particularly in cases where tradi-

tional model-dependent approaches may be inadequate. By combining the strengths

of parameter estimation and reconstruction methods, we aim to enhance our under-

standing of GW events and their astrophysical implications. Through comprehensive

analysis and interpretation of reconstructed signals, we contribute to the growing

body of research aimed at unlocking the secrets of the gravitational wave universe.
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Chapter 1

Gravitational Waves

1.1 Introduction

Gravitational waves (GWs) are ripples in the fabric of spacetime, predicted by Albert

Einstein’s theory of general relativity. These waves are produced by the acceleration

of massive objects, such as binary black hole or neutron star systems, and propagate

through the universe at the speed of light. Unlike electromagnetic waves, which

interact with matter, GWs are able to traverse vast distances across the cosmos

without being significantly attenuated or absorbed, making them unique messengers

of cosmic events.

The detection of GWs opens a new window into the universe, allowing astronomers

to observe phenomena that were previously invisible. GWs provide direct evidence of

the most extreme events in the cosmos, such as the collision and merger of black holes

and neutron stars, as well as the violent birth of new black holes and neutron stars.

By studying GW signals, researchers can investigate the properties of astrophysical

objects, test the predictions of general relativity, and probe the nature of spacetime

itself.

GWs can be detected using sensitive instruments known as interferometers, which

measure tiny changes in the lengths of perpendicular arms caused by passing GWs.

The Laser Interferometer Gravitational-Wave Observatory (LIGO), Virgo, and the

Kamioka Gravitational Wave Detector (KAGRA) are examples of ground-based in-

terferometers that have successfully detected GWs. Additionally, space-based detec-
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1 Gravitational Waves

Figure 1.1: The gravitational-wave event GW150914 observed by the LIGO Hanford
(H1, left column panel) and Livingston (L1, right column panel) detectors.

tors such as the Laser Interferometer Space Antenna (LISA) are being developed to

observe lower frequency GWs from sources such as supermassive black hole mergers.

GW signals exhibit distinct characteristics depending on the nature of the source

and the stage of the merger process. The waveform morphology encodes informa-

tion about the masses, spins, and orbits of the binary system, while the frequency

and amplitude of the signal provide insights into the dynamics of the merger. GW

signals typically consist of three main phases: inspiral, merger, and ringdown, each

characterized by unique frequency modulations and temporal profiles.

Analyzing GW signals involves several sophisticated techniques aimed at extract-

ing meaningful information from noisy data. Parameter estimation methods, such as

Bayesian inference, are used to infer the properties of the source, including masses,

spins, and distances, by comparing observed signals with theoretical models. Time-

frequency analysis techniques, such as Continuous Wavelet Transform (CWT) and

Short-Time Fourier Transform (STFT), are employed to characterize the frequency

evolution of GW signals and identify transient features. Machine learning algorithms,

such as deep neural networks, are also being explored as tools for signal detection,
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1 Gravitational Waves

classification, and denoising in GW data analysis.

1.2 Wavelets and Continuous Wavelet Transform

Gravitational wave (GW) signals, originating from some of the most energetic events

in the universe, pose unique challenges for analysis due to their transient nature and

dynamic frequency content. Wavelet analysis, particularly through the Continuous

Wavelet Transform (CWT), has emerged as a powerful methodology to address these

challenges and unlock valuable insights into GW sources. Wavelets are mathematical

functions characterized by their ability to capture localized features within signals,

making them well-suited for analyzing GW waveforms that exhibit complex frequency

modulations over time. In the context of GW analysis, CWT offers a time-frequency

representation of the signal, allowing researchers to localize and characterize transient

features such as chirps and bursts associated with binary mergers. By convolving the

GW signal with a family of scaled and translated wavelet functions, CWT provides a

detailed depiction of signal morphology in both time and frequency domains, enabling

the identification of distinct phases of a GW event, including the inspiral, merger,

and ringdown.

Moreover, CWT facilitates the denoising of GW data by separating signal com-

ponents from noise and enhancing the signal-to-noise ratio, thereby improving the

sensitivity of GW detectors. The versatility of wavelet analysis, coupled with the

adaptability of CWT to capture features across multiple scales, makes it an invalu-

able tool for studying GW signals and unraveling the astrophysical phenomena driv-

ing their emission. Through wavelet-based techniques, researchers can gain deeper

insights into the properties of GW sources, advancing our understanding of the uni-

verse’s most extreme events.
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1 Gravitational Waves

Figure 1.2: A time-frequency map of GW150914, the first detected gravitational
wave signal, created using the CWT with Morlet-Gabor wavelets at Q = 6.0 and
logarithmic frequency spacing.

1.3 Quasi Model-Dependent Signal Reconstruction

We use a quasi model-dependent method for the reconstruction of signals from noisy

data, particularly focusing on gravitational waveforms generated by binary black hole

mergers. Our approach involves identifying essential wavelets derived from the binary

black hole merger waveforms estimated using standard Bayesian analysis techniques.

Unlike unmodelled reconstruction methods that identify wavelets coherent across de-

tector networks, our method focuses on selecting wavelets that form coherent clusters

in the time-frequency plane, akin to patches with irregular boundaries.

The area covered by these patches directly corresponds to the level of noise per-

sistence in the reconstructed signal. To optimize the placement of wavelets in the

time-scale plane, we adopt a dyadic grid placement method, which is known for its
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1 Gravitational Waves

efficiency in constructing an orthonormal wavelet basis. This placement strategy as-

sumes an output of octave decomposition, ensuring a power-of-two logarithmic grid

structure. By maintaining sparseness within this grid, we aim to strike a balance be-

tween achieving maximum signal representation and minimizing computational costs.

However, finding the optimal level of sparseness is critical. While a highly sparse

grid may adequately represent the signal, it could result in larger patch areas, poten-

tially leading to increased noise in the reconstructed signal. Conversely, an overdense

grid fails to significantly reduce the patch area beyond a certain limit, while also

escalating computational expenses. Therefore, our objective is to achieve maximum

sparseness without compromising the fidelity of signal representation, ensuring an

efficient and effective reconstruction process.

We utilize log-uniform scale to place the wavelets over the time-scale domain.

This scale differs from traditional approaches by offering a logarithmic distribution

that ensures wavelets are spaced more densely at lower frequencies and more sparsely

at higher frequencies. To complement this scale, we derive an inverse wavelet trans-

formation formula tailored for log-uniform scales, ensuring compatibility with our

placement method.

The wavelets generated using log-uniform scales exhibit high redundancy, often

termed as over-completeness. While this redundancy may seem counterintuitive, it

plays a crucial role in reducing the area covered by essential wavelets. By doing so,

we effectively mitigate noise contributions in the reconstructed signal, resulting in a

more accurate representation of the underlying signal. The essential wavelets utilizing

a log-uniform scale offer a more appropriate representation for high-frequency linear

chirp signals, especially those originating from low-mass binary systems.
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Chapter 2

Signal Reconstruction

The CWT of a continuous signal x(t) is a linear mapping onto a time-scale space of

wavelets [1] :

X(a, b) =

∫ b

a

x(t)Ψ∗
a,b(t) dt

=
1√
a

∫
x(t)ψ∗

(
t− b

a

)
dt

(2.1)

where, Ψ∗ is the complex conjugate of the shifted and scaled version of the time-

localized mother wavelet Ψ, in which a and b are the scale and time-shift parameters,

respectively. Therefore, the CWT provides a time-scale representation of the signal

by performing a sliding cross-correlation with a continuous family of wavelets. The

quantity 1/
√
a outside the integral is an energy normalized factor. It ensures that

each wavelet has the same energy, whatever the value of scaling and shift.

The function Ψ(t) must satisfy a set of mathematical criteria to be a wavelet, it

must have finite energy[1],

Eψ =

∫ ∞

∞
|ψ(t)|2 dt <∞, (2.2)

and must hold the admissibility condition[1],

Cψ =

∫ ∞

∞

|ψ̃(ω)|2

ω
dω <∞, (2.3)

where, ψ̃(ω) is the Fourier transform of ψ(t), ω = 2πf is the angular frequency,

and Cψ is called the admissibility constant.
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2 Signal Reconstruction

2.1 Identifying Essential Wavelets

The conventional method for identifying essential wavelets is a straightforward ap-

proach, where one discards the low-magnitude wavelet coefficients by applying a

threshold, which is known as wavelet thresholding. This approach aims to remove the

noise from data without affecting the basic features of the signal. Here, we employ the

modelled waveforms that are obtained from the standard Bayesian parameter estima-

tion analysis. We compute wavelet coefficients for a waveform and set a threshold on

coefficient value to select the essential wavelets. The threshold is chosen such that the

resultant power from the essential wavelets is equal to a percentage of total power of

the spectrogram. We calculate the threshold (E∗) for a given value of fractionalpower

loss (R∗) by solving an equation[1],

R∗ = 1−
∑
n,j

|X(n, j)|2 [|X(n, j)|2 ≥ E∗]
/ ∑

n,j

|X(n, j)|2 (2.4)

We shall call that (R∗) is the spectral loss parameter. As the number of essential

wavelets is considerably fewer than the total number of wavelets, a significant amount

of noise can be removed while preserving the basic features of the signal.

2.2 Optimization of Spectral Loss Parameter (R∗)

We estimate the performance of the reconstruction methods for gravitational wave

signals from compact binary mergers of equal mass non-spinning black holes. For each

case, an identical signal is injected in many noise realizations of stationary Gaussian

distribution weighted by Advanced LIGO zero-detuned high-power (aLIGO) design

sensitivity.

A whiten Gaussian noise is considered to be distributed normally over time-scale

domain. This implies that the noise energy is equally distributed over time-scale
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2 Signal Reconstruction

Figure 2.1: The noise averaged match ⟨Mnoise⟩ as a function of spectral loss parameter
R∗. The solid dot on the curve indicates its maxima. The right y-axis shows the

relative number of essential wavelets (
−→
NW ) as a function of R∗.

domain. The amount of noise retains in the reconstructed signal is determined by

the spectral loss parameter (R∗). A higher value of (R∗) can further reduce the

inseparable noise in the reconstructed signal. At the same time, the essential wavelets

would not be able to represent the complete signal characteristics. It implies that

the spectral loss parameter plays a role that imposes a limitation on achieving the

maximum overlap between the injected and reconstructed signal. Therefore, we want

to optimize this parameter. For a given source parameter and injected SNR, we

perform the injection analysis with a set of (R∗) values. The noise averaged match

for a given injected signal hinj(λ, ρinj) and (R∗) can be defined as[1],

⟨M (R∗)⟩noise =
1

N

N∑
i=1

M (hinj, hrec[ni]) (2.5)
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2 Signal Reconstruction

where, hrec[ni] represents the reconstructed signal from the data of ith noise real-

ization ni. To determine the essential wavelets for a given value of R∗, we compute

the wavelet coefficients of whitened waveform and plug in to Eq. 2.4.

Fig. 2.1 shows the noise averaged match as a function of R∗ for a set of injected

SNR values and the number of essential wavelets as a function of R∗. If we fix the

spectral loss parameter and increase the injected SNR, the signal contribution to each

essential wavelet increases. At the same time, the average noise contribution remains

the same since the number of essential wavelets and their properties does not change.

This leads to an improvement in the reconstruction accuracy. A fixed SNR curve in

the Fig. 2.1 indicates that a smaller value of R∗ allows many nonessential wavelets in

the analysis. The signal contribution to those wavelets is trivial, but the inseparable

noise in the reconstructed signal increases. On the other hand, a higher value of

R∗ discards many moderate essential wavelets. Thus, the choice of R∗ is a tradeoff

between the signal and noise contributions to the wavelets. To find an optimum value

R, we maximize the quantity ⟨M (R∗)⟩noise over R∗.

2.3 Steps to Reconstruct Signal

In order to reconstruct the signal from data stream, we follow these steps[1]:

1. For each posterior sample, we generate the CBC template waveform in the

detector frame. Since the GR allows only two polarization states, referred to

as the plus (h+) and cross (h×), the time-domain response hI(t) of a given

detector I is determined by the antenna response functions (F+
I and F×

I ) of

those polarizations,

hI(t) = F+
I (α, δ, ψ, t)h×(t−∆tI ;DL, ι,

−→
λ ) +

F×
I (α, δ, ψ, t)h+(t−∆tI ;DL, ι,

−→
λ )

(2.6)
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2 Signal Reconstruction

where, α and δ refers to the source sky location in terms of right ascension and

declination, ψ is the polarization angle, DL is the luminosity distance to the

source, ι is the inclination angle of the binary plane,
−→
λ represents the set of

intrinsic parameters of the binary system, and ∆tI(≡ ∆tI(α, δ, t)) is the travel

time of the signal from geocenter to the detector.

2. Whiten the waveform weighted by the noise amplitude spectral density such

that the norm of the whitened waveform is equal to its optimal SNR.

3. Compute the wavelet coefficients for each whiten template waveform using the

CWT as shown in Eq. 2.1, where wavelets are constructed using the log-uniform

scale.

4. Determine the essential wavelets using Eq. 2.4, where spectral loss parameter

R∗ is obtained from Eq. 2.5. We inject the best fit template (corresponds

to maximum likelihood sample) waveform in many simulated noise realizations

and estimate the value of R∗ for each detector’s data. We have found the value

of R∗ for H1, L1, and V1 is 2.5%, 4%, and 5%, respectively. Please note that

we estimate the spectral loss parameter for the maximum likelihood sample and

use that value for all the posterior samples.

5. Use those essential wavelets to reconstruct the signal from detector strain.

The above-described procedure is used to obtain a reconstructed signal for each pos-

terior sample. These wavelet-based reconstructed signals are very similar, and their

90% interval is very thin and looks like a line. Therefore, we illustrate the median of

reconstructed signals at every time index.
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Chapter 3

Peak Frequency

Peak and ringdown frequencies play pivotal roles in characterizing the distinct phases

of a GW signal, particularly those emitted by binary black hole or neutron star

mergers.

3.1 Peak Frequency

The peak frequency refers to the frequency at which the GW signal exhibits its highest

amplitude during the inspiral phase of the binary merger. As two compact objects,

such as black holes or neutron stars, spiral towards each other, they emit GWs at

increasingly higher frequencies, resulting in a characteristic chirping signal. The peak

frequency corresponds to the moment when the inspiral phase culminates, typically

marking the onset of the merger phase. Determining the peak frequency is essential

for constraining the masses and spins of the binary components, as it provides crucial

information about the orbital dynamics and evolution of the system.

GR predicts that GWs of astrophysical interest have two independent polariza-

tions, namely (h+,h×). In GR, the instantaneous frequency of the gravitational ra-

diation emitted by a binary is an observable which, given a model for the emission,

can be computed as [2]

f(t) =
1

2π

d

dt
(arg(h+ − ih×)) (3.1)

Of particular interest is fpeak, the frequency of the signal at the time at which the

strain amplitude, defined here as
√
h2+ + h2×, reaches its peak. This stage approxi-
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3 Peak Frequency

mately coincides with the time when the two black holes merge, so that fpeak peak

encodes information on the behavior of the system in the genuine strong-field regime.

To determine the Peak frequency:

1. Reconstruct the signal with essential wavelets by following the steps mentioned

in the previously.

2. The reconstructed signal is initially whitened for analysis. To determine the

peak frequency (fpeak), the signal must be unwhitened. Unwhitening involves

taking the FFT of the signal and multiplying it by the square root of its Power

Spectral Density (PSD), this quantity is called the Amplitude Power Spectral

Density (APSD). This process restores the original signal amplitude character-

istics, enabling accurate determination of fpeak

3. To account for time shifts from the geo-center for detectors H1 and L1, ad-

justments are made during signal analysis. These adjustments correct for the

temporal differences between signals received at different locations, ensuring ac-

curate synchronization and alignment for precise analysis and interpretation..

4. Calculate the h+ and h× values from the waveform using Eq 2.6

5. Using Eq 3.1 peak frequency is calculated

12





Chapter 4

Data and Results

4.1 Analysis of Injected Signal

I obtained the posterior samples from Bilby’s reanalysis of GWTC-1[3] and Power

Spectral Density files were generated from Pycbc module[4], specifically the Advance

04 Intermediate noise. We generated waveform with the maximum likelihood param-

eters obtained from the posterior samples file. This is the injected signal. Added

noise, generated from the Power Spectral Density files to the wave form.

The signal was reconstructed based on the steps mentioned in section 3, with

the maximum likelihood parameter. With the reconstructed signal h+ and h× values

were calculated. From which the peak frequency Fpeak is calculated using the Eq 3.1

mentioned in section 3.

4.1.1 Injected Signal

The Injected signal generated from the maximum likelihood parameter of the posterior

sample file is Fig 4.1. The wave form is generated using the function gen td waveform

function in the QMWaves reconstruct signal pipeline[1]. Resized appropriately with

zeros to save it as the frame file to be used for signal reconstruction.

The Injected signal with noise is shown in Fig 4.2. The waveform generated

is added to the noise obtained from the power spectral density from Advance 04

Intermediate noise[4].
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4 Data and Results

Figure 4.1: Injectd Signal generated from maximum likelihood parameters.

Figure 4.2: Waveform generated added with the noise obatained the power spectral
denstiy

4.1.2 Signal Reconstruction

The Signal is reconstructed with the injected signal as the frame file, psd obtained the

Advance 04 Intermediate noise, and using the template generated from the posterior

samples. The reconstructed signal along with template is shown in Fig 4.3.
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4 Data and Results

Figure 4.3: Reconstructed Signal and Template

4.1.3 h+ and h× Polarization and Phase

The Reconstructed signal and the template is unwhitened using the Amplitude power

spectral density obtained from the power spectral density. The unwhitened recon-

structed signal and template is used to calculate the h+ and h× polarizations, which

is necessary to calculate the peak frequency Fpeak. The Fig 4.4

Figure 4.4: h+ and h× polarization values obtained from the reconstructed signal and
the template

The h+ and h× polarizations are used to calculate the phase of the signal. The

Fig 4.5 shows the phase of the signal around the geocentric time because that is the

region important, in the context of the peak frequency calculation.
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4 Data and Results

Figure 4.5: Phase of the reconstructed signal and the template around the geocenteric
time

4.1.4 Peak Frequency

Finally with the peak frequency is calculated using the h+ and h× polarization values

and the phase values using the Eq. 3.1. The Fig 4.6 shows the time frequency scatter

plot of the reconstructed signal and the template which is almost close to each other.

Figure 4.6: Time-Frequency plot which shows the match between the reconstructed
signal and the template few seconds after the geocenteric time

16



4 Data and Results

4.2 Analysis of Real Signal - GW150914

The 2nd part of the project began with the utilization of real event GW150914, with

data obtained from GW Open Science Center.

4.2.1 Signal Reconstruction

The L1 (Fig 4.1) and H1 (Fig 4.2) strain data is reconstructed using the essential

wavelets, based on the steps mentioned in section 2.

Figure 4.7: L1 reconstructed signal along with the template data.

4.2.2 h+ and h× Polarizations

Following the successful reconstruction of the signals from L1 and H1, the h+ and

hx polarizations were reconstructed and compared with the theoretical predictions

based on templates.
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4 Data and Results

Figure 4.8: H1 reconstructed signal along with the template data.

Figure 4.9: h+ and h× Polarizations obtained from the reconstructed signal along
with the template

4.2.3 Comparison with Theoretical Models

Plots showcasing the reconstructed h+ and h× polarizations were generated and com-

pared against the expected values calculated from the theoretical templates. It was

observed that the reconstruction quality for the h× polarization was significantly

18



4 Data and Results

poorer compared to h+. Despite GW150914 being a high signal-to-noise ratio (SNR)

event, the challenges in accurately reconstructing h× were noted and further analyzed.

Due to this poor reconstruction quality, accurate calculation of the peak frequency of

the GW150914 event using the h× polarization was not feasible.
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